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Abstract
We apply the Lie algebra expansion method to the N = 1 super-Poincare´ algerba in
four dimensions. We define a set of p-brane projectors that induce a decomposition of the
super-Poincare´ algebra preparatory for the expansion. We show that starting from the N = 1
supergravity action in four dimensions it is possible to obtain two non-relativistic supersym-
metric theories, one describing strings, the other membranes.
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Introduction
In recent years non-relativistic gravity theories have received a growing interest for their role in
a wide range of physical contexts, as condensed matter physics, where gravity is used as background
to build effective theories, and holography, where, as an example, Newton-Cartan geometry has
been recognized as the boundary geometry of a certain class of z=2 Lifshitz spacetime [1–5].
Among the wide class of non-relativistic gravity theories a prominent role is covered by New-
tonian gravity and its geometrical re-formulation, Newton-Cartan gravity [6, 7]. This theory has
required a specific geometrical setting, Newton-Cartan geometry, that plays, for the Newtonian
gravity the same role played by Riemannian geometry for General Relativity [8–17].
In [18] it has been show how starting from the Bargmann algebra , the central extension of the
Galilei algebra, through a gauging procedure, it is possible to obtain Newton-Cartan formulation
of Newtonian gravity. This procedure has been generalized to the stringy case and extension of
the Galilei algebra [19–21].
Recently this gauging procedure has been combined with the Lie algebra expansion method
[22–27] to reproduce in a systematic way the results of [19–21] and to define a method to build
non-relativistic actions [28]. In particular it is possible, starting from the Poincare´ group, and ex-
panding it opportunely, to generate an extension of the Galilei algebra. The expansion induced on
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the gauge fields defines the key to obtain non-relativistic actions from an initial relativistic action.
Along the the same way as for purely bosonic theories a raising attention has been direct to
supersymmetric extension of non-relativistic theories. In particular, promoting the Bargmann al-
gebra to a superalgebra, and refining the gauge procedure with opportune curvature constraints,
this approach has led to the description of three dimensional non-relativistic supersymmetric the-
ories [29–31]. In these cases the Galilei group of the bosonic case is replaced by the super-Galilei
group. This suggests a natural way to extend the systematic procedure of [28]. In particular it
is possible to start from the super-Poincare´ algebra and use the Lie algebra expansion method to
obtain the super-Galilei algebra and its extended versions. Several results have been obtained in
this direction, via the Lie algebra expansion [32], or the semigroup expansion method [33, 34]. In
particular in [32] the Lie algebra expansion has been applied to the N = 2 super-Poincare´ algebra
in three dimensions and the Chern-Simons action.
In the present paper we extend the results of [32] to the N = 1 four dimensional super-Poincare´
algebra discussing string and membrane cases. We will see that both for strings and membranes
it is possible to define a non-relativistic action. Furthermore our discussion will define a general
setting that could be applied to obtain different D-dimensional non-relativistic or ultra-relativistic
p-brane supergravity theories.
The paper is organized as follows. In section 1 we describe the general setting; starting from
the super-Poincare´ algebra we define an opportune index splitting and derive the fundamental
ingredients for the gauging procedure. In section 2 we specify our analysis to the four dimensional
N = 1 super-Poincare´ algebra and we present our main results. We study the D = 4 N = 1
supergravity action in 1.5 order formalism. Through the application of the Lie algebra expansion
method to the four dimensional super-Poincare´ algebra we derive two non-relativistic actions, one
describing strings, the other describing membranes. In Appendix A we study the technical details
that are fundamental to define the Lie algebra expansion. In particular we define a set of p-brane
projectors that provide us with a super-Poincare´ algebra decomposition opportunely tailored to
obtain a non-relativistic p-brane algebras after the expansion. Our discussions try to be as general
as possible and could be immediately applied to higher dimensional cases and N > 1 as well.
1 Lie Algebra Expansion: the Super-Poincare´ Algebra
In this section we discuss the N = 1 super-Poincare´ algebra and prepare the setting for the
analysis next to come. We discuss the algebra on a general ground that could be immediately
applied to any dimension. We introduce the associated gauge fields and parameters and define a
decomposition, using the results of Appendix A, and the associated Lie superalgebra expansion.
For the details about the Lie algebra expansion method we refer to [27, 35].
1.1 General Setting
We are going to define our setup for the analysis of the N = 1 super-Poincare´ algebra in four
dimensions and its expansion. We discuss our setting with a general approach, assuming the super-
algebra we are going to study is D-dimensional in a space with signature (+, −, ..., −). Although
the algebra we are going to study could require some case by case modifications for D 6= 4, for
our purpose it is convenient to proceed as described, since our analysis lends itself to immediate
generalizations.
We consider the following commutation relations for our D-dimensional N = 1 super-Poincare´
algebra [36]
[PAˆ, PBˆ] = 0 (1a)
[JAˆBˆ, PCˆ ] = 2ηCˆ[BˆPAˆ] (1b)
[JAˆBˆ, JCˆDˆ] = 4η[Aˆ[CˆJDˆ]Bˆ], (1c)
3
{Qα, Qβ} = i(γAˆC−1)αβPAˆ (1d)
[JAˆBˆ, Q
α] = −
1
2
(
γAˆBˆ
)α
βQ
β , (1e)
where the hatted indices run over Aˆ = 0, ..., D − 1 and the Q are Majorana spinors.1
Defining gauge fields and parameters as
JAˆBˆ → Ω
AˆBˆ
µ (2a)
JAˆBˆ → λ
AˆBˆ (2b)
PAˆ → E
Aˆ
µ (2c)
PAˆ → η
Aˆ (2d)
Qα → ψµα (2e)
Qα → ǫα (2f)
we write explicitly the gauge curvatures
RAˆBˆ(J) = dΩAˆBˆ − ΩAˆCˆ ∧ ΩBˆCˆ (3a)
RAˆ(P ) = dEAˆ +ΩAˆBˆ ∧EBˆ −
i
2
ψ ∧ γAˆψ (3b)
Rα(Q) = dψα +
1
4
ΩAˆBˆ ∧ (γAˆBˆψ)
α, (3c)
the transformations laws for the gauge fields
δΩAˆBˆ = dλAˆBˆ − 2Ω[AˆCˆλ
Bˆ]Cˆ (4a)
δEAˆ = dηAˆ − λAˆBˆEBˆ + ηBˆΩ
AˆBˆ + iǫγAˆψ (4b)
δψα =
[(
d+
1
4
ΩAˆBˆγAˆBˆ
)
ǫ
]α
−
1
4
λAˆBˆ(γAˆBˆψ)
α (4c)
and for the associated curvatures
δRAˆBˆ(J) = −λ[BˆCˆR
Aˆ]Cˆ(J) (5a)
δRAˆ(P ) = −λAˆBˆRBˆ(P ) + ηBˆR
AˆBˆ(J) + iǫγAˆR(Q) (5b)
δRα(Q) = −
1
4
λAˆBˆ(γAˆBˆR(Q))
α +
1
4
RAˆBˆ(J)(γAˆBˆǫ)
α. (5c)
Now we consider a decomposition of the indices as Aˆ = {A, a} with A = 0, ..., p and a = p +
1, ..., D − 1. This induces a decomposition of the generators as
JAˆBˆ → {JAB, GAa, Jab} (6a)
PAˆ → {HA, Pa}. (6b)
Furthermore performing the manipulations described in Appendix A, using the projectors ΠU± (we
always assume γ0 to be in U , see Appendix A ), we find , directly from eq. (1), the following
commutation rules,
[JAB , JCD] = 4η[A[CJD]B] (7a)
[Jab, Jcd] = 4η[a[cJd]b] (7b)
[JAB, GCd] = 2ηC[BGA]d (7c)
[Jab, GCd] = 2ηd[b|GC|a] (7d)
[GAa, GBb] = −ηABJab − ηabJAB (7e)
[JAB , HC ] = 2ηC[BHA] (7f)
[Jab, Pd] = 2ηd[bPa] (7g)
[GAa, HB] = −ηABPa (7h)
[GAa, Pb] = ηabHA (7i)
[JAB, Q
α±] = −
1
2
(γAB)
α
βQ
β± (7j)
[Jab, Q
α] = −
1
2
(γab)
α
βQ
β± (7k)
[GAb, Q
α±] = −
1
2
(γAb)
α
βQ
β∓ (7l)
{Qα±, Qβ±ξ
U
} = i
[
ΠV±γAC
−1
]αβ
HA (7m)
{Qα±, Qβ∓ξ
U
} = i
[
ΠV±γaC
−1
]αβ
P a , (7n)
1Note with this choice the generators J are antiHermitian and ΩAˆBˆµ is real.
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where ξU = (−1)p(p+1)/2+1 and the matrix C appearing in the algebra is the charge conjugation
matrix that in four dimensions acts as
CγAˆC−1 = −(γAˆ)t (8a) Ct = −C (8b) C2 = −1. (8c)
We introduce the gauge fields defined by the index splitting
JAB → Ω
AB
µ (9a)
Jab → Ω
ab
µ (9b)
GAb → Ω
Ab
µ (9c)
Pa → E
a
µ (9d)
HA → τ
A
µ (9e)
Qα+ → ψ
+
µα (9f)
Qα− → ψ
−
µα (9g)
The corresponding curvatures read (omitting form indices and spinor indices)
RAB(J) =dΩAB − ΩAC ∧ ΩBC − Ω
Aa ∧ ΩBa (10a)
Rab(J) =dΩab − Ωac ∧ Ωbc − Ω
Aa ∧ Ω bA (10b)
RAa(G) =dΩAa +ΩAB ∧ Ω aB +Ω
ab ∧ ΩAb (10c)
Ra(P ) =dEa +Ωab ∧ Eb − Ω
Aa ∧ τA −
i
2
ψ
+
γa ∧ ψ− −
i
2
ψ
−
γa ∧ ψ+ (10d)
RA(H) =dτA +ΩAB ∧ τB +Ω
Aa ∧Ea −
i
2
ψ
−
γA ∧ ψ− −
i
2
ψ
+
γA ∧ ψ+ (10e)
R+(Q) = dψ+ +
1
4
ΩABγAB ∧ ψ
+ +
1
4
Ωabγab ∧ ψ
+ +
1
2
ΩAbγAb ∧ ψ
− (10f)
R−(Q) = dψ− +
1
4
ΩABγAB ∧ ψ
− +
1
4
Ωabγab ∧ ψ
− +
1
2
ΩAbγAb ∧ ψ
+. (10g)
Taking the following gauge parameters
JAB → λ
AB (11a)
Jab → λ
ab (11b)
GAb → λ
Ab (11c)
Pa → η
a (11d)
HA → η
A (11e)
Qα+ → ǫ+α (11f)
Qα− → ǫ−α (11g)
we can write the transformation rules as
δΩAB = dλAB + λC[AΩC
B] + λa[AΩa
B] (12a)
δΩab = dλab + λd[aΩd
b] + λA[aΩA
b] (12b)
δΩAb = dλAb + λd[AΩd
a] + λB[AΩB
a] (12c)
δEa = dηa + ηBΩ
aB + ηbΩ
ab − λaBτB − λ
abEb + iǫ
+γa ∧ ψ− + iǫ−γa ∧ ψ+ (12d)
δτA = dηA + ηBΩ
AB + ηbΩ
Ab − λABτB − λ
AbEb + iǫ
+γA ∧ ψ+ + iǫ−γA ∧ ψ− (12e)
δψ+ = dǫ+ −
1
4
λABγABψ
+ −
1
4
ΩABγABǫ
+ −
1
2
λabγabψ
+ −
1
4
Ωabγabǫ
+ −
1
2
λAbγAbψ
− −
1
2
ΩAbγAbǫ
−
(12f)
δψ− = dǫ− −
1
4
λABγABψ
− −
1
4
ΩABγABǫ
− −
1
2
λabγabψ
− −
1
4
Ωabγabǫ
− −
1
2
λAbγAbψ
+ −
1
2
ΩAbγAbǫ
+.
(12g)
We recall that
χ± = (χ±ξ
U
)tC. (13)
for any spinor χ, see subsection A.1. We have defined the general setting for the analysis of the
Lie algebra expansion and the specialization to four dimensions.
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1.2 Expansion
In order to define a Lie superalgebra expansion we need to decompose our starting super-Poincare´
algebra g in two subspaces such that they have a symmetric space structure, g = V0 ⊕ V1. Fur-
thermore the choice of the subalgebra V0 is dictated by the fact that the expanded algebra g(0, 1)
will be the Inonu-Wigner contraction of g with respect to V0 (see [27]). Since we are interested
in a non-relativistic algebra we would choose V0 in such a way that g(0, 1) corresponds to the
super-Galilei algebra. As discussed in Appendix A the second of these requests could be satisfied if
ξU = +1, that corresponds to the cases p = 1 and p = 2. Using these information and the setting
defined in the previous subsection we can choose the decomposition as
V0 = {JAB, Jab, HA, Q
α+} (14a)
V1 = {GAb, Pa, Q
α−} (14b)
We recognize a symmetric space structure
[V0, V0] ⊂ V0 (15a) [V0, V1] ⊂ V1 (15b) [V1, V1] ⊂ V0, (15c)
with [ , ] now denoting supercommutator
[X,Y ] = XY − (−1)degX degY Y X, (16)
where degX is 0 or 1 if X belongs respectively to V0 or V1. This results in a commutator or
anticommutator depending on the nature of the arguments. This allows us to apply theorem 2 and
proposition 2 of [27] and expand the gauge fields as follows
ΩABµ =
N0∑
k=0
k∈2Z+
λk
(k)
ΩABµ =
(0)
ΩABµ + λ
2
(2)
ΩABµ + ... (17a)
Ωabµ =
N0∑
k=0
k∈2Z+
λk
(k)
Ωabµ =
(0)
Ωabµ + λ
2
(2)
Ωabµ + ... (17b)
τAµ =
N0∑
k=0
k∈2Z+
λk
(k)
τAµ =
(0)
τAµ + λ
2 (2)τAµ + ... (17c)
ψ+α =
N0∑
k=0
k∈2Z+
λk
(k)
ψ+α =
(0)
ψ+α + λ
2
(2)
ψ+α + ... (17d)
Eaµ =
N1∑
k=1
k∈2Z++1
λk
(k)
Eaµ = λ
(1)
Eaµ + λ
3
(3)
Eaµ + ... (17e)
ΩAbµ =
N1∑
k=1
k∈2Z++1
λk
(k)
ΩAbµ = λ
(1)
ΩAbµ + λ
3
(3)
ΩAbµ + ... (17f)
ψ−α =
N1∑
k=1
k∈2Z++1
λk
(k)
ψ−α = λ
(1)
ψ−α + λ
3
(3)
ψ−α + ... , (17g)
(17h)
where N1 is odd and N0 is even. A consistent truncation requires N1 = N0 ± 1. The algebra
obtained by this way is denoted with g(N0, N1) [27].
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1.2.1 An Example: g(4,3)
As an example let’s inspect the commutation relations obtained by applying the Lie algebra ex-
pansion method of [27] to the algebra eq. (7) (with ξU = +1) up to the order N0 = 4, N1 = 3. We
obtain for the non-zero commutators
[
(0)
JAB,
(0)
JCD] = 4η[A[C
(0)
JD]B] (18a)
[
(0)
JAB,
(2)
JCD] = 4η[A[C
(2)
JD]B] (18b)
[
(0)
JAB,
(4)
JCD] = 4η[A[C
(4)
JD]B] (18c)
[
(0)
Jab,
(0)
Jcd] = 4η[a[c
(0)
Jd]b] (18d)
[
(0)
Jab,
(2)
Jcd] = 4η[a[c
(2)
Jd]b] (18e)
[
(0)
Jab,
(4)
Jcd] = 4η[a[c
(4)
Jd]b] (18f)
[
(0)
JAB,
(1)
GCd] = 2ηC[B
(1)
GA]d (18g)
[
(0)
JAB,
(3)
GCd] = 2ηC[B
(3)
GA]d (18h)
[
(2)
JAB,
(1)
GCd] = 2ηC[B
(3)
GA]d (18i)
[
(0)
Jab,
(1)
GCd] = 2ηd[b|
(1)
GC|a] (18j)
[
(0)
Jab,
(3)
GCd] = 2ηd[b|
(3)
GC|a] (18k)
[
(2)
Jab,
(1)
GCd] = 2ηd[b|
(3)
GC|a] (18l)
[
(1)
GAa,
(1)
GBb] = −ηAB
(2)
Jab − ηab
(2)
JAB (18m)
[
(1)
GAa,
(3)
GBb] = −ηAB
(4)
Jab − ηab
(4)
JAB (18n)
[
(0)
JAB,
(0)
HC ] = 2ηC[B
(0)
HA] (18o)
[
(0)
JAB,
(2)
HC ] = 2ηC[B
(2)
HA] (18p)
[
(2)
JAB,
(0)
HC ] = 2ηC[B
(2)
HA] (18q)
[
(0)
JAB,
(4)
HC ] = 2ηC[B
(4)
HA] (18r)
[
(4)
JAB,
(0)
HC ] = 2ηC[B
(4)
HA] (18s)
[
(2)
JAB,
(2)
HC ] = 2ηC[B
(4)
HA] (18t)
[
(0)
Jab,
(1)
Pd] = 2ηd[b
(1)
Pa] (18u)
[
(0)
Jab,
(3)
Pd] = 2ηd[b
(3)
Pa] (18v)
[
(2)
Jab,
(1)
Pd] = 2ηd[b
(3)
Pa] (18w)
[
(1)
GAa,
(0)
HB] = −ηAB
(1)
Pa (18x)
[
(1)
GAa,
(2)
HB] = −ηAB
(3)
Pa (18y)
[
(3)
GAa,
(0)
HB] = −ηAB
(3)
Pa (18z)
[
(1)
GAa,
(1)
Pb] = ηab
(2)
HA (18aa)
[
(1)
GAa,
(3)
Pb] = ηab
(4)
HA (18bb)
[
(3)
GAa,
(1)
Pb] = ηab
(4)
HA (18cc)
{
(0)
Qα+,
(0)
Qβ+} = i
[
ΠU+γAC
−1
]αβ (0)
HA (18dd)
{
(0)
Qα+,
(2)
Qβ+} = i
[
ΠU+γAC
−1
]αβ (2)
HA (18ee)
{
(0)
Qα+,
(4)
Qβ+} = i
[
ΠU+γAC
1
]αβ (4)
HA (18ff)
{
(2)
Qα+,
(2)
Qβ+} = i
[
ΠU+γAC
−1
]αβ (4)
HA (18gg)
{
(1)
Qα−,
(1)
Qβ−} = i
[
ΠU−γAC
−1
]αβ (2)
HA (18hh)
{
(1)
Qα−,
(3)
Qβ−} = i
[
ΠU−γAC
−1
]αβ
HA (18ii)
{
(0)
Qα+,
(1)
Qβ−} = i
[
ΠU+γaC
−1
]αβ (1)
P a (18jj)
{
(0)
Qα+,
(3)
Qβ−} = i
[
ΠU+γaC
−1
]αβ (3)
P a (18kk)
{
(2)
Qα+,
(1)
Qβ−} = i
[
ΠU+γaC
−1
]αβ (3)
P a (18ll)
[
(0)
JAB,
(0)
Qα+] = −
1
2
(γAB)
α
β
(0)
Qβ+ (18mm)
[
(0)
JAB,
(2)
Qα+] = −
1
2
(γAB)
α
β
(2)
Qβ+ (18nn)
[
(2)
JAB,
(0)
Qα+] = −
1
2
(γAB)
α
β
(2)
Qβ+ (18oo)
[
(0)
JAB,
(4)
Qα+] = −
1
2
(γAB)
α
β
(4)
Qβ+ (18pp)
[
(4)
JAB,
(0)
Qα+] = −
1
2
(γAB)
α
β
(4)
Qβ+ (18qq)
[
(2)
JAB,
(2)
Qα+] = −
1
2
(γAB)
α
β
(4)
Qβ+ (18rr)
[
(0)
JAB,
(1)
Qα−] = −
1
2
(γAB)
α
β
(1)
Qβ− (18ss)
[
(0)
JAB,
(3)
Qα−] = −
1
2
(γAB)
α
β
(3)
Qβ− (18tt)
[
(2)
JAB,
(1)
Qα−] = −
1
2
(γAB)
α
β
(3)
Qβ− (18uu)
[
(0)
Jab,
(0)
Qα+] = −
1
2
(γab)
α
β
(0)
Qβ+ (18vv)
[
(0)
Jab,
(2)
Qα+] = −
1
2
(γab)
α
β
(2)
Qβ+ (18ww)
[
(2)
Jab,
(0)
Qα+] = −
1
2
(γab)
α
β
(2)
Qβ+ (18xx)
[
(0)
Jab,
(4)
Qα+] = −
1
2
(γab)
α
β
(4)
Qβ+ (18yy)
[
(4)
Jab,
(0)
Qα+] = −
1
2
(γab)
α
β
(4)
Qβ+ (18zz)
[
(2)
Jab,
(2)
Qα+] = −
1
2
(γab)
α
β
(4)
Qβ+ (18aaa)
[
(0)
Jab,
(1)
Qα−] = −
1
2
(γab)
α
β
(1)
Qβ− (18bbb)
[
(0)
Jab,
(3)
Qα−] = −
1
2
(γab)
α
β
(3)
Qβ− (18ccc)
[
(2)
Jab,
(1)
Qα−] = −
1
2
(γab)
α
β
(3)
Qβ− (18ddd)
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[
(1)
GAb,
(0)
Qα+] = −
1
2
(γAb)
α
β
(1)
Qβ− (18eee)
[
(3)
GAb,
(0)
Qα+] = −
1
2
(γAb)
α
β
(3)
Qβ− (18fff)
[
(1)
GAb,
(2)
Qα+] = −
1
2
(γAb)
α
β
(3)
Qβ− (18ggg)
[
(1)
GAb,
(1)
Qα−] = −
1
2
(γAb)
α
β
(2)
Qβ+ (18hhh)
[
(1)
GAb,
(3)
Qα−] = −
1
2
(γAb)
α
β
(4)
Qβ+ (18iii)
[
(3)
GAb,
(1)
Qα−] = −
1
2
(γAb)
α
β
(4)
Qβ+ . (18jjj)
If we consider the truncation g(0, 1) we find the following commutations relations
[
(0)
JAB ,
(0)
JCD] = 4η[A[C
(0)
JD]B] (19a)
[
(0)
Jab,
(0)
Jcd] = 4η[a[c
(0)
Jd]b] (19b)
[
(0)
JAB,
(1)
GCd] = 2ηC[B
(1)
GA]d (19c)
[
(0)
Jab,
(1)
GCd] = 2ηd[b|
(1)
GC|a] (19d)
[
(1)
GAa,
(1)
GBb] = 0 (19e)
[
(0)
JAB,
(0)
HC ] = 2ηC[B
(0)
HA] (19f)
[
(0)
Jab,
(1)
Pd] = 2ηd[b
(1)
Pa] (19g)
[
(1)
GAa,
(0)
HB ] = −ηAB
(1)
Pa (19h)
[
(1)
GAa,
(1)
Pb] = 0 (19i)
{
(0)
Qα+,
(0)
Qβ+} = i
[
ΠU+γAC
−1
]αβ (0)
HA (19j)
{
(1)
Qα−,
(1)
Qβ−} = 0 (19k)
{
(0)
Qα+,
(1)
Qβ−} = i
[
ΠU+γaC
−1
]αβ (1)
P a (19l)
[
(0)
JAB ,
(0)
Qα+] = −
1
2
(γAB)
α
β
(0)
Qβ+ (19m)
[
(0)
JAB ,
(1)
Qα−] = −
1
2
(γAB)
α
β
(1)
Qβ− (19n)
[
(0)
Jab,
(0)
Qα+] = −
1
2
(γab)
α
β
(0)
Qβ+ (19o)
[
(0)
Jab,
(1)
Qα−] = −
1
2
(γab)
α
β
(1)
Qβ− (19p)
[
(1)
GAb,
(0)
Qα+] = −
1
2
(γAb)
α
β
(1)
Qβ− (19q)
[
(1)
GAb,
(1)
Qα−] = 0 . (19r)
We recognize that this is the Inonu-Wigner contraction of the super-Poincare´ algebra with respect
to V0, i.e the p-brane super-Galilei algebra. In particular we could identify g(4, 3) as an extension
of the p-brane super-Galilei algebra.
2 N=1 D=4 super-Poincare´ Algebra
In this section we focus on the N = 1 super-Poincare´ algebra in four dimensions and apply the Lie
algebra expansion method. We will define a non-relativistic supersymmetric action for strings and
membranes.
2.1 The Algebra
We report here, for convenience, the commutation relations of the N = 1 four dimensional super-
Poincare´ algebra as derived in Appendix A for p = 1, 2 with the use of the projectors ΠU± defined
in eq. (56),
{Qα±, Qβ±} = i
[
ΠU±γAC
−1
]αβ
HA (20a)
{Qα±, Qβ∓} = i
[
ΠU±γaC
−1
]αβ
P a (20b)
[JAB, Q
α±] = −
1
2
(γAB)
α
βQ
β± (20c)
[Jab, Q
α±] = −
1
2
(γab)
α
βQ
β± (20d)
[GAb, Q
α±] = −
1
2
(γAb)
α
βQ
β∓ , (20e)
where Q is a Majorana spinor,
Q = QtC (21)
We recall that the charge conjugation matrix satisfies
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CγAˆC
−1 = −γt
Aˆ
(22a) C2 = −1 (22b) Ct = −C . (22c)
We can choose the gamma matrices to be purely imaginary, an explicit choice is
γ0 =σ1 ⊗ σ2 (23a)
γ1 =i1⊗ σ3 (23b)
γ2 =− iσ2 ⊗ σ2 (23c)
γ3 =− i1⊗ σ1 (23d)
γ5 =σ3 ⊗ σ2 = iγ0γ1γ2γ3 (23e)
C = C(−) =− iσ1 ⊗ σ2 = −iγ0 (23f)
C(+) =iσ2 ⊗ σ1 = γ2γ1 , (23g)
where σi are the Pauli matrices
σ1 =
(
0 1
1 0
)
(24a) σ2 =
(
0 −i
i 0
)
(24b) σ3 =
(
1 0
0 −1
)
. (24c)
We assume γ0 to be always in U . In four dimensions the projectors Π
U
± satisfy the following
relations
ΠU±γA = γAΠ
U
±(−1)p (25a)
ΠU±γa = γaΠ
U
±(−1)p+1 (25b)
ΠU±γ5 = γ5Π
U
±(−1)p+1 . (25c)
Explicitly for, p = 1 and p = 2 we have respectively U = −γ0γ1 and U = iγ0γ1γ2. Having defined
the setting for the Lie algebra expansion of the four dimensional super-Poincare´ algebra now we
turn our attention to the construction of non-relativistic supersymmetric actions.
2.2 The Action
Our starting point to build a non-relativistic supersymmetric action in four dimension is the N = 1
D = 4 supergravity action in 1.5 order formalism [37, 38], namely we treat spin connection and
vielbein as independent fields, but we require the spin connection to be on-shell to guarantee the
invariance of the action under the supersymmetry transformations. Explicitly the Lagrangian reads
L = EEµ
Aˆ
Eν
Bˆ
RAˆBˆµν (J) + 2ǫ
µνλσψλγ5γσDµψν , (26)
that could be rewritten, up to a multiplicative constant factor, as
L = ǫAˆBˆCˆDˆR
AˆBˆ(J) ∧ECˆ ∧ EDˆ + 4ψγ5γAˆ ∧ E
Aˆ ∧Dψ , (27)
where we have omitted the form indices. The Rarita-Schwinger term could be put in the form
ψγ5γAˆ ∧ E
Aˆ ∧Dψ = ψγ5γAˆ ∧ E
Aˆ ∧R(Q) . (28)
Now we consider the string case, p = 1, and the membrane case, p = 2.
2.2.1 String Case p=1
In this case for the Rarita-Schwinger term in this case we obtain (see Appendix A)
ψγ5γAˆ ∧ E
Aˆ ∧R(Q) =(ψ+)tCγ5γA ∧ τ
A ∧R+(Q) + (ψ−)tCγ5γA ∧ τ
A ∧R−(Q)+
+ (ψ+)tCγ5γa ∧ E
a ∧R−(Q) + (ψ−)tCγ5γa ∧E
a ∧R+(Q) . (29)
Then for the full Lagrangian we can write
L = ǫABab
[
Rab(J) ∧ τA ∧ τB + 2RAa(G) ∧ Eb ∧ τB +RAB(J) ∧Ea ∧ Eb
]
+
+ 4
[
(ψ+)tCγ5γA ∧ τ
A ∧R+(Q) + (ψ−)tCγ5γA ∧ τ
A ∧R−(Q)+
9
+ (ψ+)tCγ5γa ∧ E
a ∧R−(Q) + (ψ−)tCγ5γa ∧ E
a ∧R+(Q)
]
. (30)
We can expand this Lagrangian by taking the algebra g(2, 3), namely imposing the truncation
N0 = 2 and N3 = 3. We have at the lowest orders
(0)
L = ǫABab
(0)
RAB(J) ∧
(0)
Ea ∧
(0)
Eb − 4
(0)
τA ∧ (
(0)
ψ+)tCγ5γA
(0)
R+(Q) (31a)
(2)
L = ǫABab
[
(0)
RAB(J) ∧
(1)
Ea ∧
(1)
Eb +
(1)
RAa(G) ∧
(1)
Eb ∧
(0)
τB +
(2)
Rab(J) ∧
(0)
τA ∧
(0)
τB + 2
(0)
Rab(J) ∧
(2)
τA ∧
(0)
τB
]
+
− 4
[
(0)
τA ∧ (
(2)
ψ+)tCγ5γA ∧
(0)
R+(Q) +
(0)
τA ∧ (
(0)
ψ+)tCγ5γA ∧
(2)
R+(Q)+
+
(2)
τA ∧ (
(0)
ψ+)tCγ5γA ∧
(0)
R+(Q) +
(0)
τA ∧ (
(1)
ψ−)tCγ5γA ∧
(1)
R−(Q)+
+
(1)
Ea ∧ (
(0)
ψ+)tCγ5γa ∧
(1)
R−(Q) +
(1)
Ea ∧ (
(1)
ψ−)tCγ5γa ∧
(0)
R+(Q)
]
. (31b)
Among the terms discussed above our candidate action is given by taking the Lagrangian density
(2)
L . Our choice is dictated by the criteria described in [28]. In particular in
(2)
L all the fields of
the theory, i.e of the algebra g(2, 3), appear and furthermore the truncation to g(2, 3) does not
affect their form if compared with the untrucated algebra. These two properties guarantee that
the expanded action remains invariant under the expanded transformations corresponding to the
invariance of the initial action. In our case however we recognize that in the action
(2)
L the fields
(3)
ΩAb,
(2)
ΩAB,
(3)
ψ− and
(3)
Ea do not appear; as explained in [28] this does not affect, in the present case,
the invariance under the associated gauge transformation. Indeed it could be immediately checked
that under the gauge transformations corresponding to the generators associated with the fields
above,
δ
(2)
ΩAB = d
(2)
λAB +
(2)
λC[A
(0)
ΩC
B] (32a)
δ
(3)
ΩAb = d
(3)
λAb +
1
2
(3)
λdA
(0)
Ωd
b −
1
2
(3)
λBa
(0)
ΩB
A (32b)
δ
(3)
Ea = −
(3)
λaB
(0)
τB + i(
(3)
ǫ)tCγa
(0)
ψ+ (32c)
δ
(3)
ψ− = d
(3)
ǫ− −
1
4
(2)
λABγAB
(1)
ψ− −
1
4
(0)
ΩABγAB
(3)
ǫ− −
1
4
(2)
λabγab
(1)
ǫ− −
1
2
(3)
λAbγAb
(0)
ψ+ (32d)
δ
(2)
τA = −
(2)
λAB
(0)
τB (32e)
δ
(2)
ψ+ = −
1
4
(2)
λABγAB
(0)
ψ+ , (32f)
the Einstein-Hilbert term and the Rarita-Schwinger are separately invariant (note that only the
last two fields above appear in the action). Thus we have obtained the following non-relativistic
supersymmetric action for string super-Galilei algebra in four dimensions
Lp=1 = ǫABab
[
(0)
RAB(J) ∧
(1)
Ea ∧
(1)
Eb +
(1)
RAa(G) ∧
(1)
Eb ∧
(0)
τB +
(2)
Rab(J) ∧
(0)
τA ∧
(0)
τB + 2
(0)
Rab(J) ∧
(2)
τA ∧
(0)
τB
]
+
−4
[
(0)
τA ∧ (
(2)
ψ+)tCγ5γA ∧
(0)
R+(Q) +
(0)
τA ∧ (
(0)
ψ+)tCγ5γA ∧
(2)
R+(Q)+
+
(2)
τA ∧ (
(0)
ψ+)tCγ5γA ∧
(0)
R+(Q) +
(0)
τA ∧ (
(1)
ψ−)tCγ5γA ∧
(1)
R−(Q)+
+
(1)
Ea ∧ (
(0)
ψ+)tCγ5γa ∧
(1)
R−(Q) +
(1)
Ea ∧ (
(1)
ψ−)tCγ5γa ∧
(0)
R+(Q)
]
. (33)
2.2.2 Membrane Case p=2
In this case for the Rarita-Schwinger term we obtain
ψγ5γAˆ ∧ E
Aˆ ∧R(Q) =(ψ+)tCγ5γA ∧ τ
A ∧R−(Q) + (ψ−)tCγ5γA ∧ τ
A ∧R+(Q)+
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+ (ψ+)tCγ5γ3 ∧ E ∧R
+(Q) + (ψ−)tCγ5γ3 ∧ E ∧R
−(Q) , (34)
where E = E3. Then for the full Lagrangian we can write
L = ǫABC
[
RAB(J) ∧ τC ∧ E + 2RA(G) ∧ τB ∧ τC
]
+
+4
[
(ψ+)tCγ5γA ∧ τ
A ∧R−(Q) + (ψ−)tCγ5γA ∧ τ
A ∧R+(Q)+
+ (ψ+)tCγ5γ3 ∧ E ∧R
+(Q) + (ψ−)tCγ5γ3 ∧E ∧R
−(Q)
]
. (35)
Expanding at the lowest orders we have
(1)
L = ǫABC
[
(0)
RAB(J) ∧
(0)
τA ∧
(1)
E + 2
(1)
RA(G) ∧
(0)
τB ∧
(0)
τC
]
+
− 4
[
(0)
τA ∧ (
(0)
ψ+)tCγ5γA
(1)
R−(Q) +
(0)
τA ∧ (
(1)
ψ−)tCγ5γA
(0)
R+(Q) +
(1)
E ∧ (
(0)
ψ+)tCγ5γ3
(0)
R+(Q)
]
(36a)
(3)
L = ǫABC
[
(0)
RAB(J) ∧
(0)
τA ∧
(3)
E +
(2)
RAB(J) ∧
(0)
τA ∧
(1)
E +
(0)
RAB(J) ∧
(2)
τA ∧
(1)
E+
+ 2
(3)
RA(G) ∧
(0)
τB ∧
(0)
τC + 4
(1)
RA(G) ∧
(2)
τB ∧
(0)
τC
]
+
− 4
[
(0)
τA ∧ (
(0)
ψ+)tCγ5γA ∧
(3)
R−(Q) +
(2)
τA ∧ (
(0)
ψ+)tCγ5γA ∧
(1)
R−(Q) +
(0)
τA ∧ (
(2)
ψ+)tCγ5γA ∧
(1)
R−(Q)+
(0)
τA ∧ (
(3)
ψ−)tCγ5 ∧ γA
(0)
R+(Q) + +
(2)
τA ∧ (
(1)
ψ−)tCγ5γA ∧
(0)
R+(Q) +
(0)
τA ∧ (
(1)
ψ−)tCγ5γA ∧
(2)
R+(Q)+
+
(3)
E ∧ (
(0)
ψ+)tCγ5γ3 ∧
(0)
R+(Q) +
(1)
E ∧ (
(2)
ψ+)tCγ5γ3 ∧
(0)
R+(Q) +
(1)
E ∧ (
(0)
ψ+)tCγ5γ3 ∧
(2)
R+(Q)+
+
(1)
E ∧ (
(1)
ψ−)tCγ5γ3 ∧
(1)
R−(Q)
]
. (36b)
For the same reasons considered in the previous subsection our action is given by the order three
term,
Lp=2 = ǫABC
[
(0)
RAB(J) ∧
(0)
τA ∧
(3)
E +
(2)
RAB(J) ∧
(0)
τA ∧
(1)
E +
(0)
RAB(J) ∧
(2)
τA ∧
(1)
E+
+ 2
(3)
RA(G) ∧
(0)
τB ∧
(0)
τC + 4
(1)
RA(G) ∧
(2)
τB ∧
(0)
τC
]
+
− 4
[
(0)
τA ∧ (
(0)
ψ+)tCγ5γA ∧
(3)
R−(Q) +
(2)
τA ∧ (
(0)
ψ+)tCγ5γA ∧
(1)
R−(Q) +
(0)
τA ∧ (
(2)
ψ+)tCγ5γA ∧
(1)
R−(Q)+
(0)
τA ∧ (
(3)
ψ−)tCγ5 ∧ γA
(0)
R+(Q) + +
(2)
τA ∧ (
(1)
ψ−)tCγ5γA ∧
(0)
R+(Q) +
(0)
τA ∧ (
(1)
ψ−)tCγ5γA ∧
(2)
R+(Q)+
+
(3)
E ∧ (
(0)
ψ+)tCγ5γ3 ∧
(0)
R+(Q) +
(1)
E ∧ (
(2)
ψ+)tCγ5γ3 ∧
(0)
R+(Q) +
(1)
E ∧ (
(0)
ψ+)tCγ5γ3 ∧
(2)
R+(Q)+
+
(1)
E ∧ (
(1)
ψ−)tCγ5γ3 ∧
(1)
R−(Q)
]
. (37)
2.3 Invariance and Transformation Rules
In this subsection we discuss the ivariance of the action under the algebra g(2, 3) that we have
obtained. We focus on P-type symmetries, i.e. the transformations descending from space and
time translations after the expansion and under supersymmetry since it is immediate to recognize
that the transformations descending from Lorentz generators leave the action invariant (see also [28]
for further details).
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2.3.1 P-type Symmetries
The action is not invariant under P-type symmetries, i.e. the transformations generated by PAˆ
(space and time translations), however we could apply an argument similar to that described in [28]
to see that this is not an independent symmetry and to derive the modified P-transformations
leaving the action invariant up to a term proportional to the equation of motion of the spin
connection. The action is invariant under Lorentz, general coordinate transformations and a trivial
symmetry, or equation of motion symmetry; these last transforms the fields in terms proportional
to the equation of motion. In particular if we write the variation as
δL = Aµ
Aˆ
δEAˆµ +B
µ
AˆBˆ
δΩAˆBˆµ + C
µ
αδψ
α
µ , (38)
where explicitly
A
ρ
Cˆ
= E
[
R(J)Eρ
Cˆ
− 2Rρ
Cˆ
(J)
]
+ ǫµνλρψλγ5γCˆRµν(Q) (39a)
B
µ
AˆBˆ
= E
[
2Eµ
[Aˆ
RCˆ
Bˆ]Cˆ
(P ) + Eµ
Cˆ
RCˆ
AˆBˆ
(P )
]
(39b)
C
λ
α = ǫ
µνλσ
[
2γ5γσRµν(Q) +R
Aˆ
µσ(P )γ5γAˆψν
]
. (39c)
We recognize, among others, the following trivial symmetry
δEAˆµ = 2ER
Aˆ
µν(P )σ
ν (40a)
δΩAˆBˆµ = −2A
[Aˆ
µ σ
Bˆ] − E[Bˆµ σ
Aˆ]ACˆ
Cˆ
+ E[Bˆµ A
Aˆ]
Cˆ
σCˆ (40b)
δψαµ = 0 . (40c)
In Appendix C we describe in details the trivial symmetries. The vielbein is the only field trans-
forming under P-type symmetries. The full transformations of the vielbein, apart from P-type
transformation are given by the trivial symmetry. Lorentz, supersymmetry and general coordinate
transformations
δEAˆµ = 2ER
Aˆ
µν(P )σ
ν − λAˆBˆEµBˆ + ξ
ν∂νE
Aˆ
µ + ∂µξ
νEAˆν + iǫγ
Aˆψµ . (41)
By choosing the parameters as
ξν = 2Eσν (42a) λAˆBˆ = −ΩAˆBˆν ξ
ν (42b) ǫ = ξνψν , (42c)
the transformation above reduces to
δEAˆµ = ∂µξ
Aˆ +ΩAˆBˆξBˆ , (43)
where ξAˆ = EAˆν ξ
ν . We recognize this as the P-type transformation with parameter ηAˆ = ξAˆ. Thus
the P-type symmetries are not independent and could be written as a combination of supersymme-
try, Lorentz , general coordinate transformations and the trivial symmetry. Rewriting the P-type
transformation as combination of the other symmetries require the a modification of the P-type
transformation of the gravitino and of the spin connection as follows
δEAˆµ = ∂µξ
Aˆ +ΩAˆBˆξBˆ (44a)
δψµ =
(
∂µ +
1
4
ΩAˆBˆµ γAˆBˆ
)
(ηCˆψCˆ) +
1
4
ηνΩAˆBˆν γAˆBˆψµ (44b)
δΩAˆBˆµ =
1
2E
[
−2A[Aˆµ η
Bˆ] − E[Bˆµ η
Aˆ]ACˆ
Cˆ
+ E[Bˆµ A
Aˆ]
Cˆ
ηCˆ
]
− ∂µ(Ω
Bˆ
Cˆ
ηCˆ)− 2Ω
[Aˆ
µ Cˆ
Ω
Bˆ]Cˆ
Dˆ
ηDˆ . (44c)
Since of the transformations we have used to write the P-type transformations only supersymmetry
leave the action not invariant, this means that the invariance of the action is directly related to
the behavior under supersymmetry that we are going to discuss in the next section. In particular
putting the spin connection on-shell guarantees the invariance under supersymmetry that in turn,
for the argument just exposed, implies the invariance under eq. (44).
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2.3.2 Supersymmetry
The Lagrangian we have considered [37, 38] ,
S = ǫAˆBˆCˆDˆR
AˆBˆ(J) ∧ ECˆ ∧ EDˆ + 4ψγ5γAˆ ∧ E
Aˆ ∧Dψ , (45)
is invariant under the supersymmetry transformations listed in subsection 1.1 provided that the
following constraint is imposed
RAˆ(P ) = 0, (46)
i.e. the spin connection is put on-shell. This means that the actions that we have found are
invariant under the following supersymmetry transformations, for the p = 1 and p = 2 cases, when
the corresponding constraints are satisfied, i.e. when the fields coming from the spin connection
through the expansion, are put on-shell. We can treat at once the two cases not specifying the
values of the indices A and a. It will be understood that certain terms will appear only if allowed
by the specific case, for example Ωab exists for p = 1 while it does not exist for p = 2. The
supersymmetry transformation rules are
δ
(1)
Ea = i(
(0)
ǫ+)tCγa ∧
(1)
ψ− + i(
(1)
ǫ−)tCγa ∧
(0)
ψ+ (47a)
δ
(3)
Ea = i(
(0)
ǫ+)tCγa ∧
(3)
ψ− + i(
(3)
ǫ−)tCγa ∧
(0)
ψ+ + i(
(2)
ǫ+)tCγa ∧
(1)
ψ− + i(
(1)
ǫ−)tCγa ∧
(2)
ψ+ (47b)
δ
(0)
τA = i(
(0)
ǫ+)tCγA ∧
(0)
ψ+ (47c)
δ
(2)
τA = i(
(2)
ǫ+)tCγA ∧
(0)
ψ+ + i(
(0)
ǫ+)tCγA ∧
(2)
ψ+ + i(
(1)
ǫ−)tCγA ∧
(1)
ψ− (47d)
δ
(0)
ψ+ = d
(0)
ǫ+ −
1
4
(0)
ΩABγAB
(0)
ǫ+ −
1
4
(0)
Ωabγab
(0)
ǫ+ (47e)
δ
(2)
ψ+ = d
(2)
ǫ+ −
1
4
(2)
ΩABγAB
(0)
ǫ+ −
1
4
(0)
ΩABγAB
(2)
ǫ+ −
1
4
(2)
Ωabγab
(0)
ǫ+ −
1
4
(0)
Ωabγab
(2)
ǫ+ −
1
2
(1)
ΩAbγAb
(1)
ǫ− (47f)
δ
(1)
ψ− = d
(1)
ǫ− −
1
4
(0)
ΩABγAB
(1)
ǫ− −
1
4
(0)
Ωabγab
(1)
ǫ− −
1
2
(1)
ΩAbγAb
(0)
ǫ+ (47g)
δ
(3)
ψ− = d
(3)
ǫ− −
1
4
(0)
ΩABγAB
(3)
ǫ−
1
4
(2)
ΩABγAB
(1)
ǫ− −
1
4
(0)
Ωabγab
(3)
ǫ− −
1
4
(2)
Ωabγab
(1)
ǫ− −
1
2
(3)
ΩAbγAb
(0)
ǫ+ −
1
2
(1)
ΩAbγAb
(2)
ǫ+
(47h)
while the curvature constraints read
(1)
Ra(P ) =d
(1)
Ea +
(0)
Ωab ∧
(1)
Eb −
(1)
ΩAa ∧
(0)
τA − i(
(0)
ψ+)tCγa ∧
(1)
ψ− = 0 (48a)
(3)
Ra(P ) =d
(3)
Ea +
(2)
Ωab ∧
(1)
Eb +
(0)
Ωab ∧
(3)
Eb −
(1)
ΩAa ∧
(2)
τA −
(3)
ΩAa ∧
(0)
τA − i(
(0)
ψ+)tCγa ∧
(3)
ψ− − i(
(2)
ψ+)tCγa ∧
(1)
ψ− = 0
(48b)
(0)
RA(H) =d
(0)
τA +
(0)
ΩAB ∧
(0)
τB −
i
2
(
(0)
ψ+)tCγA ∧
(0)
ψ+ = 0 (48c)
(2)
RA(H) =d
(2)
τA +
(2)
ΩAB ∧
(0)
τB +
(0)
ΩAB ∧
(2)
τB +
(1)
ΩAa ∧
(1)
Ea − i(
(2)
ψ+)tCγA ∧
(0)
ψ+ −
i
2
(
(1)
ψ−)tCγA ∧
(1)
ψ− = 0 .
(48d)
What we have obtained is a set of two actions, one describing a non-relativistic supersymmetric
string theory, the other non-relativistic supersymmetric theory of membranes. These action are
invariant under the expanded supersymmetry transformations up to terms proportional to the
expanded curvature R(P ). We do not investigate further the actions that we have obtained,
postponing it to future works.
Discussion and Conclusions
In this work we have applied the procedure of Lie algebra expansion to the N = 1 super-Poincare´
algebra in four dimensions, generalizing the results of [32] for the N = 2 p = 0 three dimensional
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super-Poincare´ algebra.
In section 1 we have defined the general setting for the application of the Lie algebra expan-
sion method. In particular we have considered the N = 1 p-brane super-Poincare´ algebra in
D-dimensions, g. We have then defined a decomposition in subspaces g = V0 ⊕ V1. In order
to obtain a non-relativistic algebra after the expansion, and to be able to apply the Lie algebra
expansion method, we have required this decomposition to satisfy two requirements, the first is
that it induces a symmetric space structure, the second is that the Inonu-Wigner contraction of
g with respect to the subalgebra V0 should be the p-brane super-Galilei algebra . The decompo-
sition preparatory to the expansion method has required a splitting of the spinors using two sets
of p-brane projectors. These projectors have been defined in Appendix A, where we describe in
detail their application to the superlagebra and their properties. The projectors provide a com-
pletely general tool that could be immediately applied or straightforwardly generalized to different
cases, including different signatures and N > 1. We have realized that, using this approach, it is
possible to define a decomposition of the N = 1 super-Poincare´ algebra such that we obtain two
non-relativistic algebras for p = 1, 2 while for particle the algebra obtained is ultra-relativistic.
In section 2 we have applied the expansion procedure to the N = 1 four dimensional super-Poincare´
algebra focusing on the action. Expanding the gauge fields associated to the expanded p-brane
super-Poincare´ algebra we have obtained two actions, for strings and membranes, describing two
non-relativistic supersymmetric theories. The actions that we find contain Fermion fields that have
half the number of degrees of freedom of four dimensional Majorana spinors.
The most natural extension of the present results is the application of the Lie algebra expansion
method, trough the formalism we provide, to the ultra-relativistic case. It is also interesting to use
our setting to study N > 1 supersymmetric theories. Furthermore it could be really interesting to
inspect different superalgebra decomposition and to try to generalize the definition of the projectors.
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A Supersymmetry Algebra and p-Brane Projectors
In this section we discuss how to act on the super-Poincare´ algebra g in order to decompose it
in way that is useful for the Lie algebra expansion. In particular what we want to obtain is a
decomposition in two subspaces g = V0 ⊕ V1 such that they respect the following symmetric space
structure
[V0, V0] ⊆ V0 (49a) [V0, V1] ⊆ V1 (49b) [V1, V1] ⊆ V0 , (49c)
where [·, ·] denotes the supercommutator. Furthermore since g(0, 1) will be the Inonu-Wigner con-
traction of g with respect to V0 and we are interested in obtaining, through the expansion, a
non-relativistic algebra we would like to choose V0 such that g(0, 1) is the superGaliliei algebra.
By this way the higher order expanded algebras g(N0, N1) will be an extension of the p-brane
super-Galilei algebras.
We consider a D dimensional space with signature (+, −, · · · , −) and a flat index decomposition
Aˆ = {A, a}, in general not related to the signature, with the index A taking p + 1 values, say
A = 0, 1, ..., p, and the index a the remaining D − p− 1 values. In this case we can always choose
the gamma matrices such that γ†0 = γ0 and γ
†
i = −γi for i = 1, ..., D − 1. We define the following
matrices
U = αγ0γ1...γp (50)
V = βγp+1...γD−1 , (51)
where α and β are two phase factors, and see how they act on the gamma matrices. We note that
V = ±γ∗U . (52)
where γ∗ = ηγ0...γD−1 and η is a phase factor. These matrices satisfy
U † = (α∗)2(−1)
p(p+3)
2 U (53a)
U †U = UU † = 1 (53b)
V † = (β∗)2(−1)
(D−p−1)(D−p)
2 V (53c)
V †V = V V † = 1 (53d)
and
UγAU
† = (−1)p γA (54a)
UγaU
† = (−1)p+1 γa (54b)
V γAV
† = (−1)D−p−1 γA (54c)
V γaV
† = (−1)D−p γa . (54d)
We have thus built two matrices that act discriminating the two subsets of our index splitting
Aˆ = {A, a}. We can then define the following projectors
ΠU± =
1
2
(1± U) (55)
ΠV± =
1
2
(1± V ) , (56)
but in order for this to be projectors we should require UU = 1 and V V = 1 that will fix the phase
factors to
α = (−1)−
p(p+3)
4 (57a) β = (−1)−
(D−p)(D−p−1)
4 . (57b)
With these choices we immediately recognize that
U † = U (58a) V † = V. (58b)
The definition of the projectors induces the following definitions
Q± = ΠU±Q (59a)
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or
Q± = ΠV±Q . (59b)
The Dirac adjoint is defined by
ψ = ψ†D , (60)
where we consider D as in [36]
D = δγ0 (61)
and δ is a phase factor. This matrix satisfies
UD = (−1)pDU (62a)
VD = (−1)D−p−1DV , (62b)
implying , in the two cases
Q
±
= (ΠU±Q) = QΠ
U
±(−1)p (63a)
Q
±
= (ΠV±Q) = QΠ
V
±(−1)D−p−1 . (63b)
Then the commutation relations of the super-Poincare´ algebra involving the Fermionic generator
{Qα, Qβ} = k(γ
Aˆ)αβPAˆ (64a)
[JAˆBˆ, Q
α] = −
1
2
(
γAˆBˆ
)α
βQ
β (64b)
[JAˆBˆ, Qα] = +
1
2
(
QγAˆBˆ
)
α
(64c)
applying the projector ΠU± and Π
V
±, become
ΠU±
{Qα±, Q
±
β } = k
[
ΠU±γA
]α
βH
A (65a)
{Qα±, Q
∓
β } = k
[
ΠU±γa
]α
βP
a (65b)
[JAB , Q
α±] = −
1
2
(γAB)
α
βQ
β± (65c)
[Jab, Q
α±] = −
1
2
(γab)
α
βQ
β± (65d)
[GAb, Q
α±] = −
1
2
(γAb)
α
βQ
β∓ (65e)
ΠV±
{Qα±, Q
±
β } = k
[
ΠV±γA
]α
βH
A (66a)
{Qα±, Q
∓
β } = k
[
ΠV±γa
]α
βP
a (66b)
[JAB, Q
α±] = −
1
2
(γAB)
α
βQ
β± (66c)
[Jab, Q
α±] = −
1
2
(γab)
α
βQ
β± (66d)
[GAb, Q
α±] = −
1
2
(γAb)
α
βQ
β∓ . (66e)
Now we collect some useful relations before we discuss the case of Majorana spinors,
ΠU±γ∗ = γ∗Π
U
±(−1)(p+1)(D+1) (67a)
ΠU±γA = γAΠ
U
±(−1)p (67b)
ΠU±γa = γaΠ
U
±(−1)p+1 (67c)
(ΠU±)
† = ΠU± (67d)
ΠV±γ∗ = γ∗Π
V
±(−1)(D+1)(D−p−1) (67e)
ΠV±γA = γAΠ
V
±(−1)D−p−1 (67f)
ΠV±γa = γaΠ
V
±(−1)D−p (67g)
(ΠV±)
† = ΠV± . (67h)
For a complex spinor
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ψ± = ΠU±ψ (68a)
(ψ±)† = ψ†ΠU± (68b)
ψ
±
= ψΠU±(−1)p (68c)
ψ± = ΠV±ψ (68d)
(ψ±)† = ψ†ΠV± (68e)
ψ
±
= ψΠV±(−1)D−p−1 . (68f)
This implies, considering the following bilinears, with the two different projectors, that we can
write
ΠU±
ψγA1 ...γAiγa1 ...γajχ = ψ
+
γA1 ...γAiγa1 ...γajχ
+(−1)p(i+j+1)+j+
+ ψ
−
γA1 ...γAiγa1 ...γajχ
−(−1)p(i+j+1)+j (69a)
ψγ∗γA1 ...γAiγa1 ...γajχ = ψ
+
γ∗γA1 ...γAiγa1 ...γajχ
+(−1)p(i+j+1)+j+(p+1)(D−1)+
+ ψ
−
γ∗γA1 ...γAiγa1 ...γajχ
−(−1)p(i+j+1)+j+(p+1)(D−1) (69b)
ΠV±
ψγA1 ...γAiγa1 ...γajχ = ψ
+
γA1 ...γAiγa1 ...γajχ
+(−1)(D−p−1)(i+j+1)+j+
+ ψ
−
γA1 ...γAiγa1 ...γajχ
−(−1)(D−p−1)(i+j+1)+j (70a)
ψγ∗γA1 ...γAiγa1 ...γajχ = ψ
+
γ∗γA1 ...γAiγa1 ...γajχ
+(−1)(D−p−1)(D+i+j)+j+
+ ψ
−
γ∗γA1 ...γAiγa1 ...γajχ
−(−1)(D−p−1)(D+i+j)+j . (70b)
A.1 Majorana Spinor
Now we consider the case in which Q is a Majorana spinor. This means
Q = QC = QtC(x) , (71)
where C(x) is the similarity matrix (charge conjugation matrix) defined by
C(x)γAˆC
−1
(x) = xγ
t
Aˆ
(72)
and x = ±. The Majorana conjugate spinor QC is in components
QCα = Q
β(C(x))βα . (73)
In this case we can find a basis such that all the gamma matrices are purely imaginary and from
now on we adopt this as our basis. We stress that not both C(±) exist for any dimension and
furthermore that , when they both exist the consistency of the Majorana condition, and thus the
supersymmetry algebra, require a precise choice. The argument that we present in this section is
completely general but , due to the remarks just done should be carefully applied.
We can write
C(x)γ0C
−1
(x) = −xγ0 (74a)
C(x)γiC
−1
(x) = +xγi , (74b)
for i = 1, ..., D − 1. Thus we have
C(x)UC
−1
(x) = x
pU (75a) C(x)V C
−1
(x) = x
D−p−1V , (75b)
that is
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C(x)U = x
pUC(x) (76a) C(x)V = x
D−p−1V C(x) . (76b)
The projectors thus satisfy
C(x)Π
U
± = Π
U
±xpC(x) (77a) C(x)Π
V
± = Π
U
±xD−p−1C(x) , (77b)
then in the two cases we have
Q
±
= QΠU±(−1)p = Q
tC(x)Π
U
±(−1)p = Q
tΠU±(−1)pxpC(x) (78a)
Q
±
= QΠV±(−1)D−p−1 = Q
tC(x)Π
U
±(−1)D−p−1 = Q
tΠV±(−1)D−p−1xD−p−1C(x) . (78b)
Since
U t = +(−1)
p(p+1)
2 +1U (79a)
V t = +(−1)
(D−p−2)(D−p−1)
2 V , (79b)
we get
ΠU±
Q
±
=
(
Q±(−1)
(p+1)(p+2)
2 xp
)t
C(x) (80a)
ΠV±
Q
±
=
(
Q±(−1)
(D−p)(D−p−1)
2 xD−p−1
)t
C(x) .
(81a)
In particular, using C = C(−),
ΠU±
Q
±
=
(
Q±(−1)
p(p+1)
2
+1
)t
C (82a)
ΠV±
Q
±
=
(
Q±(−1)
(D−p−1)(D−p+2)
2
)t
C . (83a)
We can thus define
ξU = (−1)
p(p+1)
2 +1 (84a)
ξV = (−1)
(D−p−1)(D−p+2)
2 . (84b)
Finally the anticommutators of the algebra, using the two different projectors, could be put in the
form
ΠU±
{Qα±, Qβ±ξ
U
} = k
[
ΠU±γAC
−1
]αβ
HA (85a)
{Qα±, Qβ∓ξ
U
} = k
[
ΠU±γaC
−1
]αβ
P a (85b)
ΠV±
{Qα±, Qβ±ξ
V
} = k
[
ΠV±γAC
−1
]αβ
HA (86a)
{Qα±, Qβ∓ξ
V
} = k
[
ΠV±γaC
−1
]αβ
P a . (86b)
By this way we can recognize that the interesting case for our purpose is that with ξU = +1, i.e.
p = 1, 2. In these cases the decomposition of the superalgebra satisfying our requests, with the use
of the projectors ΠU± is V0 = {JAB, Jab, H
A, Q+}. We note that the case ξU = −1 corresponds to
the ultra-relativistic case; we will not treat this case in the present work.
We specialize now the spinor bilinear discussed in the previous section to the case in which they
are Majorana. We have using ΠU± or Π
V
±
ΠU±
ψγA1 ...γAiγa1 ...γajχ =
(
ψ+(−1)
p(p+1)
2
+1
)t
CγA1 ...γAiγa1 ...γajχ
+(−1)p(i+j+1)+j+
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+(
ψ−(−1)
p(p+1)
2
+1
)t
CγA1 ...γAiγa1 ...γajχ
−(−1)p(i+j+1)+j (87a)
ψγ∗γA1 ...γAiγa1 ...γajχ =
(
ψ+(−1)
p(p+1)
2
+1
)t
Cγ∗γA1 ...γAiγa1 ...γajχ
+(−1)p(i+j+1)+j+(p+1)(D−1)+
+
(
ψ−(−1)
p(p+1)
2
+1
)t
Cγ∗γA1 ...γAiγa1 ...γajχ
−(−1)p(i+j+1)+j+(p+1)(D−1)
(87b)
ΠV±
ψγA1 ...γAiγa1 ...γajχ =
(
ψ+(−1)
(D−p−1)(D−p+2)
2
)t
CγA1 ...γAiγa1 ...γajχ
+(−1)(D−p−1)(i+j+1)+j+
+
(
ψ−(−1)
(D−p−1)(D−p+2)
2
)t
CγA1 ...γAiγa1 ...γajχ
−(−1)(D−p−1)(i+j+1)+j
(88a)
ψγ∗γA1 ...γAiγa1 ...γajχ =
(
ψ+(−1)
(D−p−1)(D−p+2)
2
)t
Cγ∗γA1 ...γAiγa1 ...γajχ
+(−1)(D−p−1)(D+i+j)+j+
+
(
ψ−(−1)
(D−p−1)(D−p+2)
2
)t
Cγ∗γA1 ...γAiγa1 ...γajχ
−(−1)(D−p−1)(D+i+j)+j .
(88b)
In particular in this last case we specify to D = 4, i = 1, j = 0 and i = 0, j = 1 we get respectively
for the two projectors
ΠU±
ψγ∗γAχ =
(
ψ+(−1)
p(p+1)
2
+1
)t
Cγ∗γAχ
+(−)p+1 +
(
ψ−(−1)
p(p+1)
2
+1
)t
Cγ∗γAχ
−(−)p+1 (89a)
ψγ∗γaχ =
(
ψ+(−1)
p(p+1)
2
+1
)t
Cγ∗γaχ
+(−)p +
(
ψ−(−1)
p(p+1)
2
+1
)t
Cγ∗γaχ
−(−)p (89b)
ΠV±
ψγ∗γAχ =
(
ψ+(−1)
(3−p)(6−p)
2
)t
Cγ∗γAχ
+(−)p+1 +
(
ψ−(−1)
(3−p)(6−p)
2
)t
Cγ∗γAχ
−(−)p+1
(90a)
ψγ∗γaχ =
(
ψ+(−1)
(3−p)(6−p)
2
)t
Cγ∗γaχ
+(−)p +
(
ψ−(−1)
(3−p)(6−p)
2
)t
Cγ∗γaχ
−(−)p . (90b)
A.2 Consistency Condition for Majorana
We consider the consistency condition in four dimensions (C is real for our choice of basis) between
Majorana and Dirac adjoint spinors
ψ = ψc , (91)
that is
ψ†D = ψtC(x). (92)
This gives
Dtψ∗ = Ct(x)ψ . (93)
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In particular in our case, since Dt = −D and Ct(x) = −C and C
2
(x) = −1 in four dimensions, we
obtain
ψ = C(x)Dψ
∗ . (94)
Taking the complex conjugate we have (note DD∗ = −1)
ψ = DC(x)ψ
∗ (95)
from which we get
ψ = −xC(x)Dψ
∗ . (96)
Comparing eq. (94) with eq. (96) we immediately recognize in four dimensions the consistent choice
is C(−).
B Useful relations
In this section we list some relations useful in studying the invariance of the action and the deriva-
tion of the equation of motion.
γAˆγBˆγCˆ = ηAˆBˆγCˆ + ηBˆCˆγAˆ − ηAˆCˆγBˆ − iǫAˆBˆCˆDˆγ
Dˆγ5 (97a)
γCˆDˆγAˆBˆ = 2ηAˆDˆγCˆBˆ − 2ηAˆCˆγDˆBˆ + 2ηDˆBˆγAˆCˆ − 2ηCˆBˆγAˆDˆ + γAˆBˆγCˆDˆ (97b)
γAˆBˆγCˆ = 2ηBˆCˆγAˆ − 2ηAˆCˆγBˆ + γCˆγAˆBˆ (97c)
γσγAˆBˆ = γσAˆBˆ + 2Eσ[AˆγBˆ] = iE
Dˆ
σ ǫAˆBˆCˆDˆγ∗γ
Cˆ + 2Eσ[AˆγBˆ] (97d)
ψγAˆχ = −χγAˆψ (97e)
ψγ5γAˆχ = χγ5γAˆψ (97f)
ψγ5γAˆγBˆCˆχ = −χγ5γBˆCˆγAˆψ . (97g)
The variation uder susy in differential form language
δS = 2RAˆ(P ) ∧ ǫγ5γAˆ ∧R(Q)
C Trivial Symmetry
In this section we study the trivial symmetries of the N = 1 supergravity action in four dimensions.
The trivial symmetries or equation of motion symmetries are define by the transformations of the
fields to be proportional to the equations of motion. As a starting point we take the action in the
following form
L = EEµ
Aˆ
Eν
Bˆ
RAˆBˆµν (J) + 2ǫ
µνλσψλγ5γσDµψν (98)
and we compute the variations with respect to the three fields, obtaining
δEL = E
[
R(J)Eρ
Cˆ
− 2Rρ
Cˆ
(J)
]
δECˆρ + ǫ
µνλρψλγ5γCˆRµν(Q)δE
Cˆ
ρ (99a)
δΩL = 2ǫAˆBˆCˆDˆR
Aˆ(P ) ∧EBˆ ∧ δΩCˆDˆ
= E
[
E
µ
Aˆ
Eν
Bˆ
E
ρ
Cˆ
+ Eµ
Bˆ
Eν
Cˆ
E
ρ
Aˆ
+ Eµ
Cˆ
Eν
Aˆ
E
ρ
Bˆ
]
RCˆνρ(P )δΩ
AˆBˆ
µ
= E
[
2Eµ
[Aˆ
RCˆ
Bˆ]Cˆ
(P ) + Eµ
Cˆ
RCˆ
AˆBˆ
(P )
]
δΩAˆBˆµ (99b)
δψL = δψλǫ
µνλσ
[
2γ5γσRµν(Q) +R
Aˆ
µσ(P )γ5γAˆψν
]
. (99c)
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We denote the full variation of the Lagrangian as
δL = Aµ
Aˆ
δEAˆµ +B
µ
AˆBˆ
δΩAˆBˆµ + C
µ
αδψ
α
µ , (100)
where = Aµ
Aˆ
, Bµ
AˆBˆ
and C
µ
α could be immediately read from eq. (99). We will define three trivial
symmetries to which we will refer as type AB, BC and AC from the equations of motion involved
in the transformations.
C.1 Type AB
We consider the following transformation
δEAˆµ = aB
Aˆ
µBˆ
σBˆ + bEAˆµB
Cˆ
BˆCˆ
σBˆ + cBBˆ
µBˆ
σAˆ (101a)
δΩAˆBˆµ = −aA
[Aˆ
µ σ
Bˆ] − bE[Bˆµ σ
Aˆ]ACˆ
Cˆ
− cE[Bˆµ A
Aˆ]
Cˆ
σCˆ (101b)
δψαµ = 0 , (101c)
where a, b, c are arbitrary constants. We note that taking a = 2, b = 1, c = −1 we have
δEAˆµ = 2B
Aˆ
µBˆ
σBˆ + EAˆµB
Cˆ
BˆCˆ
σBˆ −BBˆ
µBˆ
σAˆ = 2ERAˆµν(P )σ
ν . (102)
C.2 Type BC
For the type BC trivial symmetry we have the follwing transformations
δEAˆµ = 0 (103a)
δΩAˆBˆµ = −aE
[Bˆ
µ χ
Aˆ]
ν C
ν − bC [AˆEBˆ]µ χ
Cˆ
Cˆ
− cC [AˆχBˆ]µ (103b)
δψαµ = aχ
αAˆ
µ B
Bˆ
AˆBˆ
+ bχAˆα
Aˆ
BBˆ
µBˆ
+ cχAˆα
Bˆ
BBˆ
µAˆ
. (103c)
With c = 2, a = 1, b = −1 we have
δψαµ = 2ER
Bˆ
µν(P )χ
να
Bˆ
. (104)
C.3 Type AC
Finally for the type AC we have
δEAˆµ = aC
A
ζµ + bE
Aˆ
µ C
Bˆ
ζBˆ (105a)
δΩAˆBˆµ = 0 (105b)
δψαµ = −aζ
α
Aˆ
AAˆµ − bA
Aˆ
Aˆ
ζαµ . (105c)
If we set a = 2, b = −1 we get
δψαµ = 4ER
Aˆ
µ (J)ζ
α
A . (106)
C.4 Lorentz + General Coordiante Transformations
Under Lorentz and general coordinate transformations we have
δEAˆµ = −λ
AˆBˆEµBˆ + ξ
ν∂νE
Aˆ
µ + ∂µξ
νEAˆν (107a)
δΩAˆBˆµ = ∂µλ
AˆBˆ − 2Ω
[Aˆ
µ Cˆ
λBˆ]Cˆ + ξν∂νΩ
AˆBˆ
µ + ∂µξ
νΩAˆBˆν (107b)
δψαµ = −
1
4
λAˆBˆγAˆBˆψµ + ξ
ν∂νψµ + ∂µξ
νψν . (107c)
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D Equations of Motion of the Spin Connection and Expan-
sion
In this section we list the equations of motion of the fields coming from the spin connection after
the expansion for the actions eq. (33) and eq. (37). The equation of motion for the spin connection
before the expansion and splitting of the indices is given by
δΩL = 2ǫAˆBˆCˆDˆR
Aˆ(P ) ∧EBˆ ∧ δΩCˆDˆ (108)
The equations of motion for the fields coming from the spin connection in the two cases, p = 1, 2,
are
p=1
ǫABab δ
(0)
ΩAB ∧
(1)
Ra(P ) ∧
(1)
Eb = 0 (109a)
ǫABab δ
(2)
Ωab ∧
(0)
RA(H) ∧
(0)
τB = 0 (109b)
ǫABab δ
(0)
Ωab ∧
[
(2)
RA(H) ∧
(0)
τB +
(0)
RA(H) ∧
(2)
τB
]
= 0 (109c)
ǫABab δ
(1)
ΩAa ∧
[
(0)
RA(H) ∧
(1)
Eb −
(1)
Rb(P ) ∧
(0)
τB
]
= 0 . (109d)
Note that in the p = 1 case the fields
(3)
ΩAb and
(2)
ΩAB do not appear in the Lagrangian.
p=2
ǫABC δ
(2)
ΩAB ∧
[
(0)
RC(H) ∧
(1)
E −
(1)
R(P ) ∧
(0)
τC
]
= 0 (110a)
ǫABC δ
(0)
ΩAB ∧
[
(2)
RC(H) ∧
(1)
E +
(0)
RC(H) ∧
(3)
E −
(3)
R(P ) ∧
(0)
τC −
(1)
R(P ) ∧
(2)
τC
]
= 0 (110b)
ǫABC δ
(1)
ΩA ∧
[
(2)
RB(H) ∧
(0)
τC +
(0)
RB(H) ∧
(2)
τC
]
= 0 (110c)
ǫABC δ
(3)
ΩA ∧
(0)
RB(H) ∧
(0)
τC = 0 . (110d)
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